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A graph G is n-extendable if it is connected, contains a set of rr independent edges and every 
set of n-independent edges extends to (i.e. is a subset of) a perfect matching. Combining the 
results of this and previous papers we answer the question of 2-extendability for all the 
generalized Petersen graphs G(n, k) with k s 7 as well as for all G(n, k) with n a 3k + 5. 
1. Introduction 
In an earlier paper (see [4]) we investigated the existence of full sets of states 
and full sets of dispersion free states on the orthomodular lattices and posets 
arising from the dualization of the generalized Petersen graphs. This led to the 
imposition of certain conditions on the edge sets of the Petersen graphs which in 
turn led to the idea of full and filly deterministic graphs (see [5]). Fully 
deterministic connected graphs are precisely those which are 2-extendable in the 
sense of Plummer [3]. Since every fully deterministic graph is full, the concept of 
“fullness” is a generalization of 2-extendability which is entirely different from 
that of n-extendability also defined by Plummer [3]. 
In this paper we combine some new results with those obtained previously to 
completely answer the question of 2Lextendability of the generalized Petersen 
graphs G(n, k) with k s 7 as well as for all G(n, k) with n 2 3k + 5. 
2. Terminology 
All graphs in this paper are in the sense of Harary [2]. Recall that a perfect 
matching of a graph G is a set of independent (i.e. non-adjacent) edges which 
together cover all the points of G. 
Following Plummer [3], we define a graph to be n-extendable if it is connected, 
contains a set of n independent edges and every Fet of n independent edges 
extends to (i.e. is a subset of) a perfect matching. 
Following Watkins [6] and Coxeter [l] we define the generalized Petersen 
graphs G(n, k) as follows. The points are uo, up, . . . , u, _l, vo, vl, . . . , IJ,, -1 and 
the edges are [Ui, ui+i] (called outer edges), [Vi, Vi+k] (called inner edges), and 
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[ui, vi] (called spokes) whtire all subscripts are modulo n and 1~ 2k < n. These 
edges will be denoted by ai, bi, and Ci respectively. Note that the Petersen graph 
is G&2). Each connected component of the subgraph generated by 
vo, Vl, l l l 9 G-1 is called an inner rim. If two edges x and y are adjacent we will 
write x adj y. Otherwise we write x ind y. 
In order to facilitate the handling of the proposed perfect matchings on the 
generalized Petersen graphs we will number the edges of these graphs with zeroes 
and ones with those numbered with a “one” comprising our set in the definition 
of perfect matching and those not in our perfect matching set numbered with 
“zero”. It is easy to see that a connected graph G is 2-extendable if and only if 
there exists a set E of edge numberings on G consisting only of zeroes and ones 
with the following properties. 
1. Exactly one of the edges incident with a given point is numbered with a one. 
2. For any two independent edges there exists an element of E such that the 
given edges are both numbered with a one. 
This is our definition of filly deterministic in [S]. 
In order to further facilitate the handling of the edge numberings which will 
represent perfect matchings Nip @i, yip 6i on the generalized Petersen graphs 
G(n, k), they will be defined by 3 by n matrices as follows with all subscripts 
modulon. The first row of each matrix will consist of the edge numberings (in 
order) of the outer edges ai, ai+l, . . . , ai+n_l. The second row will consist of the 
edge numberings (in order) of the inner edges bi, bi+l, . . . , bi+n-l. The third row 
will consist of the edge numberings (in order) of the spokes Ci, ci+l, . . . , Ci+n_l. 
Several particular matrices representing edge numberings are used consistently 
as submatrices in the proofs of our results. These are defined as follows. For k 3 5 
in G(n, k) define 
10010 OO...o 10010 
Ak= 
( 
11011 OO...o OOOOO 
00100 1L.l 00100 1 
where there are k - 5 columns in the center submatrix. Define 
( 
lolo...#* ’ #*#*...lo 
&= lll?...ll OOOO...OO 
OOOO...OO OOOO...OO ) 
where there are k columns in each of the two submatrices with # = 1 and * = 0 if 
k is even, and with # = 0 and * = 1 if k is odd. For any positive integer j define 
where Cj has j columns. 
The reader is warned that all matrices defined throughout the proofs of this 
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paper must be checked to see that they define edge numberings which do indeed 
represent perfect matchings. 
3. Main results 
Lemma 1. If k a 4, then any pair of edges of G(n, k), at least one of which is a 
spoke, can be extended to a perfect matching. 
Proof. Fori=0,1,2 ,..., n- 1 define the edge numberings ai by the matrix 
(DCk--ZEC,,_k_2) where D = (ij, E=(i), 
and the Ci’s are as defined earlier. It is easy to see that if n # 2k + 1 the ai’s 
represent perfect matchings which satisfy the conditions of 2-extendability for 
a, ind c,, b, ind c,, and c, ind c,. When n = 2k + 1 the conditions of 2-extendability 
are satisfied for all of the above cases except a, ind c~+~+~. 
When k is odd this case can be taken care of by the 2k + 1 edge numberings 
defined by the matrix (& C,). 
When k is even this case can be taken care of by the 2k + 1 edge numberings 
defined by the matrix (6; Gk H Zk) where 
and where Gk has k - 3 columns and Zk has k - 2 columns. (When k = 4, only the 
dast wo columns appear in &.) 0 
Theorem I. G(n, 5) is 2-extendable if and only if n # 15. 
Proof. That G(15,5) is not 2-extendable was shown in [5]. 
By Lemma 1, we need only consider non-spoke cases. 
In addition to the matrices Ak, Bk, and Ci defined previously we define the 
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matrices D, E, F, and G as follows: 
D =EE), E=(E), F=Ez), and 
G=~~~~). 
To find edge numberings which satisfy the conditions of 2-extendability for 
independent pairs invoiving inner and outer edges (non-spokes) we consider 
separate cases for the smaller values of n. . 
For n = 11 and each i = 0, 1, . . . , 10, define pi by the matrix 
= (BS C,), yi by the matrix 
(F C3) and Si by the matrix 
For n=13 and each i=O,l,..., 12, define pi by the matrix (BS C,) and 
define yi by the matrix (D E E). 
Forn=l4andeachi=O,l,..., 13, define pi by the matrix (D D) and define 
yi by the matrix (BS Cd). 
Forn=16andeachi=O, 1,. . . , 15, define pi by the matrix (D E E E), yi by 
the matrix (B5 C,), and ai by the matrix 
From now on it will be necessary to define only n matrices, pi for 
i=OJ,...,n- 1 and they will take care of all pairs which do not involve 
spokes. 
For n = 1’7, 18, 19, and 20, define pi by G, (G C,), (G C,), and (G C,), 
respectively. 
For p a 2 define each pi as follows where the submatrix B5 appears p - 1 times. 
Forj=l,2,... ,9 and n = 10~ + j define pi by (A, B5. . . B5 Cj)- 
For n = 10~ + 10 define pi by (A5 F B5. . . B5 C,). Cl 
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Theorem 2, G(n, 6) is 2-extendable if and only if n + 18. 
Proof. That G(18,6) is not 2-extendable was shown in [5]. 
By Lemma 1 we need only show that each of the independent pairs of edges 
which do not involve spokes is extendable to a perfect matching. To do so we 
consider each value of n. In every case i = 0, 1, . . . , n - 1. 
FOP n = 13 define pi by the matrix 
For n = 14 define pi by the matrix 
For n = 15 define pi by the matrix 
For n = 16 define pi by the matrix 
andyibyt=E). 
/ 10101010101001OoC\ 
For n = 17 define fii by the matrix 110111001COOO100 . 
oooooooooooo10011 ) 
( 
010101010101001OCO1 
For n = 19 define Ipi by the matrix 110111001COC1001OOC . 
o8ooooooooooo100110 ) 
( 
10010101010101OOOC10 
For n = 20 define pi by the matrix 110111001CCO110 
001oooooooooooo11100 ) 
. 
( 
100101010101010100 
For n = 21 define /& by the matrix 110111001OCC11 
001 ) 
. 
( 
10010101010101OOCO1OOC 
For n = 22 define pi by the matrix 110111001C001l 
) 
. 
001 
174 G. Schrag, L. Camma~k 
For p 3 2 we continue as follows where B6 appears as a submatrix p - 1 times. 
For n = 12~ - 1 define /& by (& Be. . . B6) 
For n = 12p define pi by (A6 B, . . . B6 C1 B6) (Here B6 appears p - 2 times 
between A6 and C,.) 
Forn=12p+jandforj=l,2,...,9define~~by(A, Be...Be Cj+l)m 
For n = 12~ + 10 define j$ by (A6 D B6. . . Bb C,) where 
It is not until k = 7 that general patterns become well established. We thus give 
a proof of the fesult for k = 7 and use it as a motivation for the general case. (It 
will still be necessary to consider special cases for G(n, 7) when n s 25.) 
Theorem 3. G(n, 7) is 2-extendable if and only if n # 21. 
Proof. That G(21,7) is not It-extendable was proven in [S]. 
Again, by Lemma 1, we need only consider non-spoke cases. For each n a 15 
and i=O,l,...,n- 1, we define edge numberings pi and yi by matrices as 
before. It can be verified that these &‘s and yi’s will take care of all cases not 
involving spokes. 
For n = 15 define pi by the matrix f&V). 
For n = 16 define j’Ji by the matrix (:Yzq)= 
For n = 17 define fii by the matrix (E&E) and 
( 
00010001010000101 
yi by the matrix 1001ooo811oooo100 . 
,01100110000111ooo ) 
( 
1001010100101OOOOO 
For n = 18 define pi by the matrix 1101111oooQooooooo 
1 
and 
001 10001111 
1OOOOOO101oooooo10 
yi by the Ir,atrix 1lOOOOoO011OOOOOOO 
001111100001111100 
( 
monTT0000000000OOOOTOO 
l OOOOOOOOOTTOOOOTOOTTTTOTT we= aw 4 -‘9’ auYaP sz = u JW 
oooTooooOTOTOTOTOTO’IOTOOT 1
( 
TOOTTTTOOOOOOOOOOOOOOTOO 
l ooImoom~TooooTooTT’tiTOTT FJ=w aw 4 VI =YaP v,z = u JW 
ooTooooO~OTOTOTOTOTOTOOT 1
( 
OTTTOOTO 
l ooooTooTooooTooTTTTOTT JweuJ aw 4 %.I auYaP 22 = u WI 
TooooTooTOTOToTOTOTo~o 1 
( 
TITOOT~ 
l oooo100000TooT~TTO~T JYWW aw 4 %I auYaP 09: = u JOtI 
\LooooTooTOTO~OT010TOT  TooTooT 
l OTOOT0000I~TOTTOTT X!WuJ aW dq ‘9’ auYaP 6T= U JotI 
ooToomVOiOTO~oTOT 
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l& = (Fk Gk) where Fk and Gk are both 3 by k matrices defined by 
&=~~~~~~~) and Gk=(ziiii). 
Now let p be any nonnegative integer. 
If n = 4k, define @i by the matrix (Dk Bk). 
If n = 6k + 2pk define pi by the matrix (Ak Bk . . . Bk C,_, Bk) where Bk 
appears a total of p + 2 times. For all other values of n proceed as follows with Bk 
appearing as a submatrix p + 1 times. 
If n = 3k + 5 + 2pk define bi by the matrix (Ak Bk . . . Bk). 
If 3k+6+2pk<n<4k-l+2pk define pi by the matrix (Ak Bk.. . Bk Ci) 
wherej=1,2, . . . ,k-6. 
Note that n = 4k + 2pk has already been considered. 
Finally, if 4k+1+2pk<n<Sk+4+2pk define @i by the matrix 
(Dk Bk.. . Bk Ci) where j = 1,2, . . . , k + 4. 
Now let k be even with k 2 8. This time define Dk by the 3 by 2k - 1 matrix 
(Fk Gk) where Fk is the 3 by k - 1 matrix 
1001010. . . 10 
1101111.. . 11 and Gk is the 3 by k matrix 
UCWOOO.. .oo 
Again, let p be any non-negative integer. If n = 4k define pi by the matrix 
(Dk Bk cd- 
If n = 6k + 2pk, define pi oy the matrix (Ak & . . . & ck-5 Bk) where Bk 
appears a total of p + 2 times. For all other values of n proceed as follows with Bk 
appearing as a submatrix p + 1 times. 
If n = 3k + 5 + 2pk define #& by the matrix (Ak & . . . Bk). 
If 3k+6+2pksn S 4k - 2 i- 2pk, define pi by the matrix (& Bk . . . Bk Cj) 
wherej=1,2 ,..., k-7. 
If n = 4k - 1 + 2pk, define Ipi by the matrix (Dk Bk . . . Bk). 
Now note that n = 4k + 2pk has been considered. 
Finally, if 4k + 1 + 2pk in ~5k + 4 + 2pk define pi by the matrix 
(Dk Bk . . . Bk Ci, where j = 2, 3, . . . , k + 5. 
One can see that the pi’s determine perfect matchings uch that any pair of 
non-spokes can be extended to at least one of them. Cl 
For convenience of reference we combine these results with those of [4] and [5] 
to obtain the following. 
1. G(3k, k) is not 2-extendable for any k. 
2. G(n, 1) is 2-extendable if and only if n is even. 
3. G(n, 2) is 2-extendable if and only if n # 5, 6, or 8. 
4. If 3 s k =S 7, G(n, k) is 2-extendable if and only if n # 3k. 
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5. If k 3 4, then any pair of edges of G(n, k), at least one of which is a spoke, 
can be extended to a perfect matching. 
6. G(n, k) is 2-extendable for all n and k such that n 2 3k + 5 and k 2 2. 
Since it becomes easier to construct edge numberings which yield 2- 
extendability even for n < 3k + 5 as k gets larger we have the following. 
Conjecture. If k 2 3, then G(n, k) is 2-extendable if and only if n # 3k. 
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